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Generalized dispersion properties of
thin-film waveguides
Daniel W. Hewak and John W. Y. Lit
The dispersion properties of a thin-film optical waveguide for TE and TM modes are expressed in simple and
general analytic forms. These formulas describe the variation of the effective refractive index with respect to
any physical parameter with which the refractive index of any layer or the thickness of the guiding layer may
vary. Universal curves for both TE and TM modes are given, and applications of the formulas are discussed.
1. Introduction
A three-layer dielectric slab waveguide is the most
basic guiding structure in integrated optics. The the-
ory of its guiding properties has been fully developed,
and its use as an interconnecting component in an
optical guided wave circuit is now common. As appli-
cations of the planar waveguide continue to diversify,
the dispersion characteristics, i.e., the variation of the
effective refractive index with respect to various physi-
cal parameters such as wavelength, temperature, elec-
tric field, etc., will become increasingly important.
A number of authors have discussed contributions to
waveguide dispersion in practical applications. Ben-
nett and Chen' have investigated the wavelength dis-
persion of optical waveguides for wavelength multi-
plexing/demultiplexing applications. They in-
troduced coefficients which characterize the contribu-
tions to total wavelength dispersion from guide geome-
try and material dispersion. Chen and Boyd2 studied
the variation of the effective refractive index with tem-
perature and with application for interferometric sen-
sors in mind. By numerically solving the dispersion
equations, they predicted and then demonstrated a
waveguide structure with an effective refractive index
independent of temperature. Also, Colombini 3 inves-
tigated the sensitivity of the effective refractive index
to thickness variations in a thin-film Luneburg lens,
thereby optimizing focal length control.
In what follows, we show that the coefficients intro-
duced by Bennett and Chen when slightly modified are
actually generalized coefficients which can be used to
form a general analytical expression for variation of
the effective refractive index for TE modes with re-
spect to any physical parameter. We present this
general expression, derive a new expression for TM
modes, and demonstrate their application in a few
practical cases.
11. Generalized Expression for Waveguide Dispersion
A. TE Case
The characteristic equation for TE modes in a three-
layer planar waveguide, as illustrated in Fig. 1, is
(1)
where V, a, and b are the well-known normalized pa-
rameters:
V = kh(n2 - n2)1/2;
a =(n2 - n2)/(n 2-n2);
b =(N2 - n2)/(n 2-n2);
(2)
(3)
(4)
k =2r/X.
Here V is the normalized waveguide thickness which
corresponds to a physical thickness h, a is the asymme-
try factor, b is the normalized guide index, and N is the
effective refractive index. If we let t be any physical
parameter on which V, a, or b depend, from Eq. (4)
ON = n (n 2 2 2) ab -N _nj (1 -b) +n 2 -b + 2.... 2 
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The partial derivative b/a is obtained by implicit
differentiation of Eq. (1). It then follows that the total
waveguide dispersion with respect to t can be written
as
ON a 3N- =Q(n2 - n2) (X/h) - (hIX) + Qini(ani/O~).(6)
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(5)
1/2 la+ b 12
V(1 - b)11 = mr tan-' + tan-(T ' _b ) _l --b )
Here 9niat for i = 1, 2, 3 are the material dispersions of
the substrate, waveguide, and cover, ah/a is the varia-
tion in thickness, and aXia8 is the variation in wave-
length with respect to t.
Bennett and Chen identified Q1, Q2, Q3, and Qg as the
dispersion coefficients, respectively, of the substrate,
film, cover, and that due to the waveguide geometry.
They represent the contributions of the material dis-
persions of the individual layers and the contribution
of the waveguide geometry to the total dispersion of
the effective refractive index. Their values are given
by
(1 - b)
abl/2 (7) Fig. 1. Structure of the planar thin-film optical waveguide.
Q2 = [V + bl/2+(a+b)] (8)
Q3= (1-b) 9
=a(l + a)(a + b) /2
Qg = V(1 - b)oa, (10)
a = V + 1/bl/2 + 1/(a + b)1/2. (11)
We note that a is the normalized effective guide thick-
ness,4 the second and third terms of which give the
penetration of the evanescent waves into the cover and
substrate, respectively.
B. TM Case
The characteristic equation for TM modes, accord-
ing to Kogelnik and Ramaswamy, 5 can be written as
follows:
V/q /2(n,/n2 )1/2 = mr + tan-' (1b 1/2 + -' b + a'(1-bcd) /2
(12)
The normalized parameters for this case are now defined
as
V' = kh(n2 -n2)1/2
a' = (-) (n 2 -n2)/(n2-n 2),
b = I 22 (N2 - n )/(n2-n 2),
where qi a = (nl2h2)[(1u-tb) + b(ni4/nf)
is called the reduction factor.
(13)
Equation (12) becomes
V(1 -b) 12 = mir + tan' (b )1/2 + tan la + b)1/2 (21)
which is identical in form to the characteristic equa-
tion defining the TE modes.
Following the procedure outlined in the previous
section, we can differentiate Eq. (15) and, after consid-
erable algebraic manipulation, obtain
N at = Qg(n2 -n2)(X/h) a (h/X) + E Qini(Onil/a),
i-l
where
Q = (1-b) 1-bC2
ab'12 L - C)2J 
(22)
(23)
Q2 = 1 {V(1-2bc + bc2) + [bl/2 + ( 1 +b) ] (1-2c + bc2)
(24)
= (1 b) 2 [(1 - d) - 2c(l + bd) + bc2(l + d)l/(1 - 3
a( + a)(a +) 1
(25)
Qg = V'(1 - b)/a
(14) with
(15)
(16)
a = -j (nl/n2).
q3
(27)
W is the normalized effective waveguide thickness for
TM modes defined as
W= V+(n2)+[1 + a'(1 - cd)ln2(1 + a)(a + b)'32q( + a) (a + b)'12q,2nj (28)
c =1(n2l/n 2); (17)
d 1-(n/n2). (18)
Although considerably more complicated than the TE
case, the normalized parameters in the TM case de-
fined by Eqs. (13)-(15) have the same physical mean-
ings and ranges as the corresponding ones in the TE
case. In addition, by writing
a = a'(1 - bcd), (19)
V = V'q'/ 2 (n2 /nl). (20)
Ill. Discussion
Equations (6) and (22) are simple general expres-
sions for the variation of the effective refractive index
forTE and TM modes, respectively. For a given wave-
guide, the effective index is found by numerically solv-
ing the characteristic equations, Eq. (1) for TE modes
and Eq. (21) for TM modes, after which these general
expressions can be used to determine easily the disper-
sive properties of the guide.
Although our results are given for general dispersion
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Fig. 2. Dispersion coefficients as a function of normalized thickness for various nl/n2 ratios for the case a = 1.
variations, they are still much simpler than those given
by other authors, who only studied dispersions due to
particular physical parameters. This is particularly
true for the TM case (see, for example, Bennett and
Chen'). The similarities between the TE and TM
cases are evident [see Eq. (6) with Eq. (22), and Eqs.
(7)-(11) with Eqs. (23)-(27)]. Such similarities could
hardly be noticed in similar published work.
Bennett and Chen' have presented universal curves
of the Qg and Qj coefficients as functions of V, the
normalized thickness, for the first four TE modes, for
the specific case of wavelength dispersion. These
curves agree with the results given by the general coef-
ficients described by Eqs. (7)-(10). In practice, how-
ever, when control of dispersion is important, only
single-mode waveguides are used,2 '3 since in a multi-
mode guide each mode will experience a different ef-
fective index, and thus each will have varying disper-
sion properties. For this reason, we now consider only
the dispersion properties of the fundamental TE or
TM mode. We have calculated the values of the Qg
and Qi coefficients as functions of V for the TMo mode
for various waveguide structures. Typical results for
the case of a = 1 are presented in Fig. 2.
We now make a few general observations of the
dispersion properties of the TE and TM modes.
When we set c = 0, comparison of Eqs. (7)-(10) and
(25)-(27) reveals that the expressions for the Qg and Qi
coefficients are identical for TE and TM modes when
expressed in terms of normalized parameters. This
means that the curves shown in Fig. 2 are universal and
applicable to both TE and TM modes. We note that
this has been achieved by defining the normalized
parameters V, a, and b appropriately but differently
15 June 1986 / Vol. 25, No. 12 / APPLIED OPTICS 1979
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for the TE and TM cases. In addition, when the
difference between the refractive indices of the wave-
guide and the substrate is very small, i.e., when nl/n21, we can set c = 0 and also ql/ 2(nl/n 2 ) = 1. In this
case, Eqs. (13)-(20) reveal that the normalized param-
eters for TE and TM modes become identical, and thus
the dispersion coefficients for the two modes are the
same.
Next we examine the dependence of dispersion on
the normalized guide index b. Close to cutoff b - 0,
and Eq. (12) becomes identical to Eq. (1). Under such
a condition, the normalized effective guide thickness a
is a maximum, and the penetrations of the guided wave
into the substrate and the cover are large. This could
be verified by examining the curves presented by Ko-
gelnik and Ramaswamy for the normalized effective
guide thickness as a function of normalized thickness.5
When the penetrations are large, the dispersion contri-
butions from the substrate and from the cover will be
large, while those from the waveguide will be relatively
small. This can be seen to be true by examining the
values of the dispersion coefficients. In Fig. 2, when b
is small, Q and Q are large, while Q2, the contribution
of the guiding layer, is small.
As b increases, the field penetrations into the sub-
strate and cover decrease, and the wave becomes better
confined to the guiding layer. Figure 2 shows that
both Q and Q decrease as Q2 increases. As b reaches
the maximum value allowed for single-mode propaga-
tion, the contributions of the substrate and cover be-
come negligible, and only the properties of the guiding
layer and its geometry influence the dispersion of the
effective refractive index.
l11. Applications
To illustrate the applications of the general disper-
sion formulas, we use them to find expressions for the
temperature dependence of the TE modes of a planar
waveguide and the sensitivity of the effective refrac-
tive index to changes in thickness.
When t = T the temperature, we have
ON Oh 3N = Q(n2 n2)(1/h) + E Qini(anil/a). (29)
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Fig. 3. Variation of the effective refractive index with respect to
thickness as a function of guide thickness for various waveguide
materials (n, = 1.46, n3 = 1.0, X = 632.8 nm).
If the temperature variations of ni and h are known, we
can easily evaluate the temperature dependence of the
effective refractive index and determine say the pa-
rameters necessary for temperature-independent
waveguides. Equally, a region in which the effective
refractive index varies linearly with T could also be
found. For example, Chen and Boyd demonstrated a
temperature-independent guide for the TEO mode,
constructed from Corning 7059 glass (n2 = 1.5309) on a
SiO2, substrate (n, = 1.46), when the guide thickness is
0.368 gim, and the wavelength is 0.6328 Aim. From
their specifications, the temperature dispersions are
anlOT = -5.49 X 10-6 /0 C, On2dT = 4.75 X 10- 6/0C,
and n3IOT = 0. Also h-lOh/OT = 4.60 X 10-6/0 C.
Using these values, we determined N by numerically
solving Eq. (1) and then V, a, and b from Eqs. (2)-(4).
Substitution into Eq. (29) yields N/aT = 0, which
verifies the temperature independence.
Alternately, Eqs. (6) and (22) can be used to examine
the variation of effective refractive index with thick-
ness. Such knowledge is required, for example, to
minimize the sensitivity of a thin-film Luneburg lens
to thickness errors. When = h, the guiding layer
thickness, we have from Eqs. (6) and (10)
aN V(l-b) N - ha (n2 n). (30)
We have used Eq. (30) to plot the dispersion of the
effective index with respect to thickness variations for
typical thin-film optical waveguides, in Fig. 3. Using
numerical methods, Colombini showed that the key to
minimizing the variation of the effective refractive
index with thickness is to choose waveguide materials
so that the bulk index of the guiding layer n is as close
to the bulk index of the substrate n2 as possible. Thisis consistent with our results, as is apparent in Fig. 3.
However, our analytic expression also reveals that for a
given guide material, the sensitivity is reduced further
by choosing thicknesses near the upper limit of the
single-mode region.
We have demonstrated here the application of our
general dispersion equations in two practical cases.
Similar expressions can be obtained for variation of N
with respect to other parameters such as electric field
and acoustic pressure.
IV. Conclusion
The dispersion properties of a step-index waveguide
with respect to any physical parameter have been ex-
pressed in a simple general expression. For TE
modes, the dispersion coefficients previously intro-
duced' are shown to satisfy this general expression.
As well, we present a much simpler form for the coeffi-
cients which describe the contributions to the disper-
sion of TM modes. These new expressions are very
similar in form to the TE case and reveal that for small
index differences between the guiding film and the
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substrate, there are negligible differences between the
dispersion properties of TE and TM modes.
The general formulas should be useful in a variety of
integrated optics and optical sensing applications
where knowledge of the variation of effective refractive
index is important. In particular, with the expres-
sions, the dispersions could easily be minimized or
maximized, and the contributions of the material dis-
persion, wavelength, or geometry of the waveguiding
structure to the total guide dispersion could be sepa-
rately determined.
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